Time does not obviously appear amongst the coordinates on the constrained phase space of general relativity in the Hamiltonian formulation. Recent work in finite-dimensional models claims that topological obstructions generically make the global definition of time impossible. It is shown here that a time coordinate can be globally defined on a constrained phase space by patching together local time coordinates, just as coordinates are defined on topologically non-trivial manifolds.
In the Hamiltonian formulation of general relativity, instead of dynamical equations, one finds four initial value constraints, the super-Hamiltonian and super-momentum constraints. The coordinates on the phase space consist of the 3-metric and the extrinsic curvature of a spacelike hypersurface, and the constraints restrict evolution to a subset of phase space. The obvious question is: where is time? Is there a coordinate on the constrained phase space which can be identified as time? Recent work claims that there are topological obstructions which make such an identification impossible [1, 2] .
We shall argue here that a global definition of time can be found by using canonical transformations to define local time coordinates and then to patch them together to cover the constrained phase space, much as coordinates are defined on topologically non-trivial manifolds.
Few would doubt the existence of time, but as a question about the constrained phase space of general relativity, the answer is less self-evident. The problem is not academic. While the global definition of time on the constrained phase space is a purely classical question, the whole program of canonical quantization depends on its successful resolution. If time could not be defined globally, how could one speak about evolution, let alone define a Hilbert space with a conserved inner product?
One might have hoped that a Schrödinger-type super-Hamiltonian In the finite-dimensional case, the answer is now yes, but the time coordinate must be defined locally and then patched together to cover the full constrained phase space. The situation is completely analogous to defining coordinates on a manifold. One asks if there is a map between the manifold and Euclidean space. Generically there is no map such that Euclidean space is fully equivalent (isomorphic) to the original manifold-consider, for example, compact manifolds. Nevertheless, one can define coordinates globally by finding maps locally between the manifold and Euclidean space and patching these 3 maps together by giving transformations between them in regions where they overlap.
The global problem of time concerns defining a coordinate on the constrained phase space of the super-Hamiltonian which can be identified as time. It should come as no surprise that the non-trivial topology of this constraint surface may require that the time coordinate be defined on patches.
Hájíček [1] has extensively studied the global problem of time in the finite-dimensional In order to understand how time is globally defined in the presence of topological obstructions, it is instructive to consider a super-Hamiltonian constraint proposed by
This super-Hamiltonian has an unstable fixed point at p 0 = 0 = q 0 = p 1 = q 1 , and several pairs of non-Hausdorff orbits, for example, the pair of trajectories (λ is the affine parameter labelling evolution in the constrained phase space)
Since the super-Hamiltonian is separable, it can clearly be reduced to action-angle variables by canonical transformation. Choosing to do so only with the (p 0 , q 0 ) variables, the canonical transformation
reduces the super-Hamiltonian to Schrödinger form
The Schrödinger A second canonical transformation can be made which reaches the trajectory missed by the first one. This is the transformation
which again reduces the super-Hamiltonian to Schrödinger form
This sends the other half of the non-Hausdorff pair to infinity while bringing back the first.
The essential feature now is that these two canonical transformations overlap for most trajectories, and they give a canonical transformation between the two time coordinates
Thus, time is defined globally by patching together these two locally defined coordinates 6 with this transition function. Since the fixed point does not change with time, both coordinates are valid to describe its evolution.
Having seen how fixed points and non-Hausdorff pairs of trajectories are affected by canonical transformation, there remains only the obstruction of (almost) periodic trajectories. Changing the sign of q 
